
 

 


Abstract—A Computer aided implementation of an 

estimator based inverse dynamics controller (EBIDC) 

algorithm for the efficient control of the states, especially the 

non-measurable states of an autonomous hybrid system (AHS) 

is proposed in this paper. Case of a cylindrical three-tank 

hybrid system is demonstrated. The studies combining 

behaviors of both discrete event and continuous systems are of 

utmost importance nowadays and thus study of dynamics of 

hybrid systems and control strategies for performance 

improvement is very important in the present scenario. This 

algorithm makes use of a state estimator for estimating all the 

states of the system which uses a generic nonlinear model of the 

actual system. The efficacy of the developed EBIDC is 

demonstrated by conducting simulation studies using Matlab 

under different operating modes of the system. Both set point 

tracking and disturbance rejection capabilities of the proposed 

controller are also confirmed in this work.  The robustness of 

EBIDC in controlling the non-measurable states is also 

analyzed under different uncertainties. 

 

Index Terms—Autonomous hybrid systems, derivative-free 

state estimator, estimator based inverse dynamics controller, 

unscented kalman filter (UKF) in state estimation. 

 

I. INTRODUCTION 

Hybrid system is a very dynamic branch of engineering 

which deals with the systems of continuous, discrete time and 

discrete event behavior. In some of the earlier works reported, 

theories behind hybrid automata and the discrete control of 

continuous plant were considered [1], [2]. Later many 

approaches were reported in the literature in which the 

systems were considered to contain both continuous and 

discrete behavior and control of such systems were 

accomplished [3]-[16]. Subsequently studies like Lyapunov 

technique, applied for continuous nonlinear systems were 

extended to hybrid systems in [4]. Linear approximations of 

nonlinear systems were carried out in most of such studies as 

in [4] and [5]. In [6], with the help of constraint logic 

programming with interval arithmetic, a rigorous modeling, 

simulation and analysis approach for hybrid systems were 

proposed. A collection of modeling and classification of 

different benchmark hybrid systems are presented in [7]. 

However, direct use of nonlinear models for analysis and 

control of hybrid systems were reported in very few works 

 
 

  

 

  

 

  

 

and still it is a challenging area of research.   

The potential of dynamic models of hybrid systems 

developed in state estimation along with the modeling was 

investigated in [10]-[14] and [16]. Recently, using Bayesian 

approach, a nonlinear model of hybrid system was proposed 

by combining multiple local linear models in [11].Using such 

model a novel state identification method and predictive 

control of the system were proposed for a class of hybrid 

systems. [12], [13] had recommended an ensemble Kalman 

filter (EnKF) based nonlinear model predictive control 

(NMPC) and UKF based fault tolerant control schemes for 

controlling the output variables of the AHS. In addition to 

UKF and EnKF based state identification, a method to 

identify noise covariance‟s associated with autonomous 

hybrid systems from the operating data was proposed in [14]. 

In that work, estimation of noise covariance matrices is 

formulated as a constrained optimization problem. Almost all 

the works reported in literature [11]-[14] were confined to 

estimation of state under normal operating conditions without 

uncertainties. The parameter and state estimation of an 

induction motor in different real-time operating conditions 

for model and plant were made in [15]. A generic nonlinear 

model describing the dynamics of an autonomous hybrid 

system was attempted in [16]. Also the design and 

performance analysis of a UKF based state estimator utilizing 

this generic nonlinear model was formulated for the three 

tank hybrid system under different uncertainties.  

The state identification in [11] and [13]-[16] is based on 

UKF algorithm which was suggested by S J Julier and JK 

Uhlmann. This derivative-free state estimation algorithm for 

nonlinear system had been proposed in [17] to overcome the 

limitations of extended Kalman filter (EKF) based algorithm 

like Jacobian calculation with computational complexity. 

[18]explains the efficiency of UKF algorithm and its variant 

form square root UKF in detail. 

From literature survey, it is found that no work with real 

time platform had been reported in the field of state 

estimation and control of non-measurable state variables of 

the AHS, under different real-time operating conditions. In 

this work, an EBIDC has been proposed for the efficient 

control of the non-measurable state variables of the AHS 

which is operating under different types of uncertainties. 

EBIDC consists of a UKF based state estimator part and a 

controller part as shown in Fig 2. Instead of directly 

measuring the states, these estimated state values are given as 

the feedback signal to the EBIDC, thereby leading to sensor 

less control. Simulation studies have been carried out to 

evaluate the effectiveness of EBIDC algorithm for 

controlling the non-measurable state variables of the three 
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tank hybrid system under different operating conditions.  

The organization of the paper is as follows. In Section II, 

Computer aided EBIDC implementation is described along 

with the nonlinear model development, state estimation 

algorithm and EBIDC control algorithm. Section III presents 

the simulation results and its analysis. Conclusion and scope 

for further studies are summarized in Section IV. 

 

II. EBIDC IMPLEMENTATION 

The generic nonlinear model of the three tank hybrid 

system is used for designing a nonlinear UKF based state 

estimator for estimating all the three states from the only one 

output variable(h3) as explained in [16]. In this work the 

estimated state variables are fed back to the inverse dynamics 

controller for controlling the non-measurable state variables. 

The EBIDC is implemented using a computer and Fig. 1 

shows the schematic representation of the benchmark 

three-tank hybrid system along with the computer interfaces. 

The Fig. 2 shows the general block diagram of the proposed 

EBIDC. The constituents of EBIDC such as generic 

nonlinear prediction model, UKF algorithm and control law 

are described in the following subsections. 

A. Generic Nonlinear Prediction Model 

In the benchmark three tank hybrid systems shown in Fig. 

1, h1, h2 and h3 are the continuous states and z1 and z2 in (1) 

are the discrete states. Fin1 and Fin2 are the two inflow rates 

of water to the first and second tanks respectively. Qi 

represent flow rates of water through hand valves with 

corresponding valve coefficients ki and in [16] its equations 

are as (1).  

1 1 1 3 1 3Q =k (h -h ) 2g h -hsign  

2 2 2 3 2 3Q =k (h -h ) 2g h -hsign
 

3 1 3 1 0 3 0Q =z k 2g a(h -h ) b(h -h )  

     4 2 4 2 0 3 0Q =z k 2g c(h -h ) b(h -h )
                 

(1)
 

15 5 1 dQ =k 2g(h +h )  

6 6 3 zQ =k 2g(h +h )  

27 7 2 dQ =k 2g(h +h )  

Here a, b and c take the values 1 or 0 which shows that the 

water level in three tanks are above or below h0. Different 

parameters and valve discharge coefficients are tabulated in 

Table I and Table II respectively. 

TABLE I: PARAMETERS RELATED TO THREE TANK HYBRID SYSTEM 

Parameter Value 

Height of  all Tanks 0.60m 

Over flow height of all tanks 0.55m 

Pump flow rating 240 lph 

Pump input 0 –5 V 

Inner diameter of all Tanks 0.15m 

Inner diameter of all inter connecting pipes 0.0125m 

TABLE II: DISCHARGE COEFFICIENTS OF HAND VALVES 

Discharge 

coefficient 
Value(m2) 

Discharge 

coefficient 
Value(m2) 

k1 2.6363E-5 k4 3.4316E-5 

k2 2.4891E-5 K6 2.2538E-5 

k3 3.7984E-5 k5, k7 0 

 

Fig.1. Schematic representation of autonomous three-tank hybrid system 

[16]. 

 

Fig.

 

2.

 

General

 

block diagram of EBIDC

 

[16].

 

The generic nonlinear model of the system is given by (2), 

(3) and (4).  

 1
1 1 3 5

1

dh 1
= Fin -Q -Q -Q

dt A
                         (2) 

 2
2 2 4 7

2

dh 1
= Fin -Q -Q -Q

dt A
                      

 

(3)

  3
1 2 3 4 6

3

dh 1
= Q  +Q +Q +Q -Q

dt A
                 (4) 

where, A1, A2 and A3denotes the cross sectional area of three 

tanks 

B. State Estimation Algorithm [17] 

UKF based state estimation has been carried out to get the 
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estimates of all the continuous state of the system. This 

method is very useful when the process contains high degree 

of nonlinearity where EKF based algorithms is not able to 

give optimum performance. The steps involved are as 

follows. 

Step1: Assume the proper initial values for the states and 

state covariance ( k-1x̂ and 
k-1P̂ ). 

Step2: Using these values, calculate the 2n+1 sigma points 

as given in (5).  

(0)
k-1 k-1ˆx x  

k-1 k-1
(i)

k-1
ˆˆx x (n+λ)P 

                          (5) 

2λ=α (n+κ)-n  

where i=1,2…2n and „n‟ is the number of states. 

The value of secondary scaling parameter κ is selected as 

per the directions given in [18]. Tuning factor, α  determines 

the spread of the sigma points around k-1x̂  

Step3: Time update or prediction using the generic model 

is given in (6).   

(i) (i)
F( , )

kk-1
k/k-1

ˆx x u  

(i) (i)
k/k-1 k/k-1

Hz x 
 
 


 

(i)
(i)

Wm k/k-1k/k-1

2n
x x

i=0

 
                         

(6) 

2n (i)(i)
Wk/k-1 m k/k-1

i=0

z z 
 

C

T
2 (i) (i) (i)

- -k/k-1 k/k-1 k/k-1
k/k-1 k/k-1i=0

P W x x x x Q
n    

     
   

 

where Q is the process noise covariance whose value can be 

tuned to get optimum estimates and the associated weights 

Wm and Wc are computed as given in (7).
 

(i) (i)
m C

1
= =

2(n+λ)
W W  

m
(0)W =λ/(n+λ) 

                             (7) 

(0)
C

2λ
W = +(1-α +β)

(n+λ)  

Here β is the distribution factor which is used to include 

the knowledge of distribution of state. For Gaussian 

distribution, the optimum distribution factor is selected as 2 

in [18]. 
Step4: Measurement update equations are given in (8). 

T
zzk/k-1 k kk = -P̂ P K P K

 

k k/k-1 k k k/k-1x̂ =x +K (z -z )
              (8)

 

where Kalman gain, 
k xz zz

-1K P P  

T2
(i) (i)(i)

zz C k/k-1 k/k-1
k/k-1 k/k-1i=0

- -P W z z z z R
n    

   
      

 
 

 
T2

(i) (i)(i)
Wxz C k/k-1 k/k-1k/k-1 k/k-1

i=0

- -P x x z z
n

   
   
   


 

 

Here R is the measurement error covariance which 

depends on the sensor used for measuring the output variable. 

PZZ is the auto covariance of the output error and PXZ is the 

cross covariance of the state estimate error and output error. 

C. Control Law 

EBIDC has been proposed such that the dynamics of the 

controller is just inverse of the process dynamics. The inflow 

to Tank 1 (Fin1) is considered as the manipulating variable 

for controlling the level in first tank (h1) and the other inflow 

(Fin2) can be manipulated to control the level in second tank 

(h2). The control law is given in (9).  
 

 
1in 1 1 1sp 1 1 3 5

ˆF =A C h -h +Q +Q +Q
 

 

 
2in 2 2 2sp 2 2 4 7

ˆF =A C h -h +Q +Q +Q                (9) 

 

Here C1 and C2 are the tuning parameters of the controller, 

h1sp, h2sp are set points and 1ĥ , 2ĥ are the estimated values for 

the levels in first and second tanks respectively. 

  

III. RESULTS AND ANALYSIS 

 

 

 

Fig. 3. Performance of the EBIDC when setpoint changes (Both controlled 

levels and controlling signals are shown for the levels h1 and h2). 
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Fig. 4. Disturbance  rejection at 500th and 1500th sampling instants (Both 

controlled levels and controlling signals are shown for the levels h1 and h2). 

 

 
Fig. 5. Control of levels under mismatch of process and model parameter 

(mismatch factor =1.1 for Area and 1.05 for valve coefficients).  

 

Before doing the detailed performance analysis of the 

proposed EBIDC, tuning of the controller has to be done by 

varying the tuning parameters of the controller, C1and C2 to 

find the optimum controller settings. The performance of the 

controller is demonstrated when the levels are below and 

above the threshold value. Fig. 3 shows the simulation results 

of the EBIDC when servo operation is performed, from 

which it is clear that the controller designed has very good set 

point tracking capability.  

In order to analyze the regulatory operation of the EBIDC, 

a disturbance is given externally to tank level by directly 

adding or removing some quantity of water at different 

sampling instants and the result shown in Fig. 4 reveals that 

the controller proposed has good disturbance rejection 

capability. 

 

  

 
Fig. 6. Control of levels under initial condition mismatch. 

 

 
Fig. 7. Control of levels under  higher noise level. 

 

Fig. 5, Fig. 6 and Fig. 7 show the performance of the 

controller in controlling the levels h1 and h2 under different 

real time operating constraints such as process-model 

parameter mismatch, initial condition mismatch and variation 

in noise level, respectively. These results show that the 

proposed EBIDC is robust enough to manage with these 

uncertainties. It gives an offset under parameter mismatched 

condition and the value of offset increases when the 

mismatch in parameter especially valve coefficients increases. 

A quantitative study of the performance is made in terms of 

integral square error for the process model parameter 

mismatch condition which is tabulated in the Table III. From 

this analysis it is found that the ISE increases as the mismatch 

factor between the parameters of actual and model increases. 
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Still the controller gives good control action if the model 

parameter lies within the 10% of actual value.   

Since the levels in first and second tanks are not 

measurable, mismatches in initial values of these levels are 

introduced. The EBIDC is able to control the process 

variables at the desired set points within few sampling 

instants. Table IV gives the details of initial values of all the 

states of system and model.  
 

TABLE III: ESTIMATOR PERFORMANCE MEASURE WITH AND WITHOUT 

MISMATCH OF PROCESS AND MODEL PARAMETERS 

Parameter mismatch ISE1 ISE2 

Am= Ap, km=kp 0.0138 0.0128 

Am= 1.1Ap, km=1.05kp 0.0264 0.0162 

Am= 0.9Ap, km=0.95kp 0.0324 0.0267 

Am= 1.5Ap, km=1.2kp 0.1917 0.1890 

 

TABLE IV: INITIAL VALUES OF ALL THE STATES OF SYSTEM AND MODEL 

 h1(m) h2(m) h3(m) 

System 0.28 0.28 0.23 

Model 0 0 0.23 

 

IV. CONCLUSION 

Computer aided implementation of EBIDC to control the 

non-measurable state variables of the three tank hybrid 

system has been demonstrated in this work. The results show 

that it has good servo and regulatory performance in 

controlling the nonmeasurable states under various 

uncertainties like parameter, initial state and noise level 

variations. Also it is noticed that the time taken to generate 

the control signal after obtaining the sensor output in each 

iteration is less than 0.3s which is due to the time 

consumption for the estimation of states and still it is lesser 

than the sampling time considered for this process.Therefore 

computer aided online implementation is feasible in this case. 

For fast dynamic processes, the possibility of estimator based 

controller which makes use of EKF, Particle filter, ANN 

based filter etc.  is to be investigated in future. 
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